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Abstract 
A two-valued function f defined on the vertices of a graph G = (V,E), f : V --~ {-1 ,  1}, 
is an opinion function. The positive value of f ,  denoted by pos f ,  is the number of vertices 
that are assigned the value +1 under f .  For each vertex v of G, the vote(v) is the sum of the 
function values of f over the closed neighborhood of v. If vote(v) >~ 1, then we say that the 
vote of v is aye. A unanimous function of G is an opinion function for which every vertex votes 
aye. The unanimity index of G is unan(G) = min{pos f I f is a unanimous function of G}. We 
show that the maximum number of ayes that can occur in a tree with an opinion function of 
positive value n/> 2 is L~J - 1. We then determine which trees have unanimous functions with 
positive value n (>i 2) attaining this value. We show that the range of values for the unanimity 
index of trees of order p > 1 is L2(p+2)J to p, and we characterize those trees with unanimity 
index reaching the lower bound. A majority function of a graph G is an opinion function for 
which more than half the vertices vote aye. The majority index of G, denoted by maj(G), is 
maj(G) = min{pos f l  f is a majority function of G}. For any tree of order p >t 2, we show 
that ~2 L2ej + 2 ~< maj(T) ~< L2eJ + 2. We establish the majority index for the class of trees 
called comets. 
I. Introduction 
Let G = (V ,E )  be a graph with vertex set V and edge set E,  and let v be a 
vertex in V. The degree of  v in G is written as deg v. An end vertex is a vertex o f  
degree 1. We refer to a vertex adjacent with an end vertex as a remote vertex. The 
open neighborhood of  v is defined as the set of  vertices adjacent to v, i.e., N(v)  = 
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{u I uv E E}. The closed neighborhood of v is N[v] = N(v) tO {v}. For any real valued 
function g : V ~ R and S C_ V, let g(S) = ~ g(u) over all u E S. 
Let f : V ---+ { -1 ,  1 } be a function which assigns to each vertex of a graph either 
-1  or 1. We call such a function f an opinion function. We refer to a vertex as a + 
( - )  vertex if the value assigned to it under f is + l  ( -1 ,  respectively). The positive 
value of f ,  denoted by pos f ,  is the number of  + vertices. For each v E V, we call the 
sum f(N[v]) the vote of the vertex v and denote this value by vote(v). I f  vote(v) ~> 1, 
then we say that the vote of v is aye, otherwise the vote of  v is nay. A unanimous 
function of a graph G is an opinion function for which every vertex votes aye. The 
unanimity index of G is unan(G) = min{pos f ] f is a unanimous function of G}. A 
majority function of a graph G is an opinion function for which more than half the 
vertices vote aye. The majority index of G is ma j (G) := min{pos f  I f is a majority 
function of  G}. 
By assigning the values + 1 and -1  to the vertices of a graph we can model such 
things as networks of people or organizations in which global decisions must be made 
(e.g. yes-no, agree~lisagree, like~tislike, etc.). The motivation for the above definitions 
is that while each person may have an opinion to start with, the way they vote is 
assumed to take into account he opinions of  certain others as well (those adjacent in 
the graph). The unanimous function requires unanimity in the vote, while the majority 
function only a majority in favor. 
The above definitions are based on those defined in [5,6]. A signed dominating 
function is defined in [5] as a function f : V ---* { -1 ,  1} such that for every v E V, 
f(N[v]) ~> 1. The signed domination umber for a graph G is 7s(G) = min{f(V)  l f  
is a signed dominating function on G}. A majority dominating function has been 
defined by Hedetniemi [6] as a function f : V -+ { -1 ,  1} such that for at least half 
the vertices v E V, f(N[v])~> 1. The majority domination umber for a graph G 
is 7maj(G) = min{f(V) l f  is a majority dominating function on G}. The majority 
dominating function was studied in [1]. A k-subdominating function for a graph G is 
defined in [3] as a function f : V --, { -1 ,  1} such that for at least k vertices v E V, 
f(N[v])/> 1. The k-subdomination number for a graph G is 7ks(G) = min{f(V) l f  
is a k-subdominating function on G}. In the special cases when k = IV I and k = 
FI-~I, 7ks is, respectively, the signed and majority domination number. For a survey 
on dominating functions in graphs in which negative weights are allowed, we refer the 
reader to [7]. 
2. Opinion functions of trees 
Our first result determines the maximum number a(n) of ayes that can occur in a 
tree with an opinion function of  positive value n >/2. For this purpose, we define a 
graft of a tree as follows: Let e = uv be an edge of a tree T, and let Tu and T~ denote 
the components of T - e containing u and v, respectively. We call T, a branch, I f  w 
is an end vertex of T,~, we graft the branch T, onto T~ by deleting e and adding edge 
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uw. Note that if deg v ~> 3 in T, then there is one fewer end vertex in the grafted tree 
than in T. 
Theorem 1. For n >1 2, a(n) = L~J - 1. 
Proof. We establish first that L~J - 1 is a lower bound on a(n). For n = 2r, let T, 
be a path on 3r - 1 vertices having every third vertex negative. For n = 2r + 1, let T,, 
be a path on 3r vertices having the fourth vertex negative and thereafter every third 
vertex negative. Then Tn is a tree with n ÷ vertices and t~J  - 1 ayes. 
We show next that [~J  - 1 is an upper bound on a(n). Among all trees for which 
there exists an opinion function of positive value n >~ 2 with (exactly) a(n) vertices 
that vote aye, let T be one of minimum order p with opinion function f .  Thus clearly 
every end vertex must be + since end vertices with - ' s  can be deleted without reducing 
the number of ayes. Likewise we have that no remote vertex is - since one could 
exchange its sign with a neighbor which is an end vertex and then delete that end 
vertex without reducing the number of ayes. By a series of reductions on T, we show 
that there is a path of order p with a(n) ayes and n + vertices. We use induction on 
the number of end vertices. The result is obviously true when there are two. Assume 
it is true when there are r ~> 2, and assume that T has r + 1. Let v be a vertex of 
degree at least 3. If any neighbor u of v is - ,  then graft the component T, of T - uv 
containing u onto an end vertex w of the component T,: to form T'. Then T' has 
r end vertices and f is an opinion function of T' of positive value n with at least 
as many ayes as T has. To see this, note that the only vertices whose votes could 
be affected are u, v, and w. However, with vote t denoting the new vote value in T', 
we have vote'(u) >~ vote(u), vote'(v) = vote(v) + 1, and vote~(w) = vote(w) - I but 
vote(w) = 2. Hence T ~ has one fewer end vertex than does T, a(n) ayes, n + vertices 
and order p. But if all of the neighbors of v are +, then we can graft any branch at r 
onto an end vertex of another branch, and the same result holds. Hence, by induction, 
we may assume that T is a path. 
Since T is a tree of minimum order with a(n) ayes and n + vertices, no two 
- vertices of T are adjacent. By the same reasoning, no + vertex of T is adjacent o 
two - vertices. Hence there are no - - ' s  or -+- ' s  along the path. Consequently the 
number o f -  vertices is at most ~½(n-Z)j ,  and so a(n) <<. p <~ n+L½nj -  1 = ~3nJ- 1. 
This establishes the upper bound on a(n). L~ 
3. The unanimity index of trees 
We begin this section by determining which trees have unanimous functions with 
positive value n (~> 2) and [3~j _ 1 ayes. To do this we introduce some notation. Let 
a path on 3k -  1 vertices having every third vertex negative (and all other vertices 
positive) be called a special path. A path on 3k vertices having the first vertex negative 
and thereafter every third vertex negative we call a path of type-J. Thus, the deletion 
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of the - end vertex of  a path of  type-J produces a special path. Let T, and To be two 
disjoint trees containing vertices u and v, respectively. I f T is the tree formed from T, 
and To by joining u and v with an edge, then we say T is obtained by attaching Tu 
and T~ at u and v and that u is attached to v. We say that a tree is of type (a)-(g) 
if it can be obtained by attaching the - end vertex of  up to i paths of  type-J at each 
darkened vertex of  the opinion tree of  Fig. l(a)-(g), respectively, where the number i
for each darkened vertex is as indicated in the figure. 
Theorem 2. Let T = (V,E)  be a tree for  which there exists a unanimous function f 
o f  positive value n ( >>. 2) and [~ J  - 1 ayes. 
1. I f  n = 2r, then T is a special path. 
2. I f  n = 2r + 1, then T is o f  type (a). 
Proof. Let P and M (standing for 'plus' and 'minus') be the sets of  vertices in T 
that are + and - ,  respectively, under f .  Since f is a unanimous function of  T, each 
vertex votes aye. Hence, each vertex of  M is adjacent o at least two vertices of  P and 
each vertex of  P is adjacent o at least one other vertex of  P. Let T1, T2 . . . . .  Tk be the 
components of  T - M. Thus each component of  T - M contains at least two vertices. 
Since T is acyclic, each vertex of  M is adjacent o at most one vertex in each of the 
components ~ (1 ~< i ~< k). 
For each component Ti of T - M, we associate a vertex xi, and let X = {xl,x2 ..... 
xk}. Further, let M = {ul . . . . .  Ur-1}. We now construct a bipartite graph G with partite 
sets X and M by joining xi to uj whenever uj is adjacent o a vertex in the component 
Ti. I f  G contains a cycle, then so does T. Hence, G is acyclic. Furthermore, since 
T is connected, it follows from the way in which G is constructed that G is also 
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connected. Thus, G is a tree. In particular, this means that IV(G)] = ]E(G)] + 1. But 
]E(G)] is the number of edges of T with one end in M and the other end in P. Since 
each vertex of M is adjacent o at least two vertices of P, it follows therefore that 
[V(G)I >~ 21M I + 1 = 2r - 1, with equality if and only if each vertex of M is adjacent 
to exactly two vertices of P. We consider two possibilities depending on whether n is 
even or odd. 
Case l. n= 2r. 
Here let = pos f  = 2r, Iv I = [!~j _ 1 = 3r -  1 and IMI = r -  1. Since each 
component of T - M contains at least two vertices, k ~< r. If k = 1, then P induces a 
path on 2r vertices. But this implies that M = 0, for otherwise T would contain a cycle. 
Consequently, r = 1 and T is a path on 3r - 1 = 2 vertices, and Statement 1 holds. 
Hence in what follows, we may assume 2 ~< k ~< r, for otherwise there is nothing left 
to prove in this case, Since [MI = r - 1, IV (G) I /> 2IMI + 1 = 2r - 1. Thus IX 1 >~ r; 
that is to say, k ~> r. Therefore, k = r. Hence IV(G)[ = 2r - 1 and each vertex of 
M is adjacent o exactly two vertices of P. Since every vertex votes aye, there can 
be no edge joining two vertices of M. Furthermore, since k = r, each component 
contains exactly two vertices. Consequently, (P) ~ rK2. Since every vertex votes 
aye, this implies that each vertex of P is adjacent o at most one vertex of M. Thus 
A(T)  ~< 2. Consequently, T is a path on 3r -  1 vertices having every third vertex 
negative, i.e., T is a special path. This proves Statement 1. 
Case 2. n= 2r + l. 
Here IPI = pos f  = 2r + 1, IVI = k~J - 1 = 3r and IMI = r - 1. Necessarily, 
k ~< r. If k = 1, then P induces a path on 2r + 1 vertices. This implies that M = ~, 
so r = 1 and T is of type (a). In what follows, we may assume 2~<k~<r .  Since 
IMI = r - 1, it follows as in the proof of Case 1 that k = r and each vertex of M is 
adjacent o exactly two vertices of P and to no other vertex of M. Furthermore, since 
k = r and each component Ti of T - M contains at least two vertices, it follows that 
one component contains three vertices and the remaining r -  1 components T2 . . . . .  7,. 
contain two vertices each. Consequently, (P) =~ P3 U (r - 1)K2. 
Let v be the vertex of degree 2 in (P). Since every vertex votes aye, v is adjacent 
to at most two vertices of M while every other vertex of P is adjacent o at most 
one. So v has degree 2, 3 or 4, while every other vertex of T has degree 1 or 2. 
If deg v = 2, then T is a path on 3r vertices and is obtained from the opinion tree 
of Fig. l(a) by attaching at each end vertex the - end vertex of at most one J-type 
path; so T is of type (a). If deg v = 3, then v is adjacent to exactly one vertex of M. 
Furthermore, T has exactly three end vertices. Clearly, every end vertex of T must 
be +, so P contains three vertices adjacent o no vertex of M and 2r -  2 vertices 
adjacent o exactly one vertex of M. Thus T is obtained from the opinion tree of Fig. 
l(a) by attaching at each vertex the - end vertex of at most one J-type path; so T 
is of type (a). If degv = 4, then V is adjacent o exactly two vertices of M and T 
has exactly four end vertices, each of which must be +. So P contains four vertices 
adjacent o no vertex of M, 2 r -  4 vertices adjacent o exactly one vertex of M and 
one vertex adjacent o two vertices of M. Thus T is obtained from the opinion tree 
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of Fig. l(a) by attaching at each end vertex the - end vertex of at most one J-type 
path and at the central vertex the - end vertex of at most two J-type paths; so T is 
of type (a). [] 
Dunbar et al. [5] showed that the path Pp on p ~> 2 vertices has signed domination 
number 7s(Pp ) = P -- 2 [ P-~ J. From this result, and the fact that 7~(G) = 2unan(G) -
IV(G)[ for every graph G, the unanimity index of a path is given as follows. 
Proposition 1. For p >~ 2 an integer, unan(Pp)= L~(p + 2)J. 
Next we determine the unanimity index of the family of trees called comets - stars 
with tails. The comet Cs, t, where s and t are positive integers, denotes the tree obtained 
by identifying the center of the star KI,~ with an end of the path Pt of length t - 1. 
So, Cs,1 ~ Kl,s and Cl,p-1 ~ Pp. 
Proposition 2. For positive integers s and t, unan(G,t) = L2tj +s  + 1. 
Proof. Let C~,,t have a unanimous function achieving its unanimity index. Clearly, every 
end vertex and remote vertex must be +. Consequently, by Proposition 1, unan(C~,t) =
unan(P,+l) + s -  1 = L~(t + 3)J +s-  1 = L~-tJ +s+ 1. 
Next we present an intermediate value theorem for the function unan. 
Theorem 3. The range o f  values for  the unanimity index o f  trees o f  order p > 1 is" 
LZ(p+ 2)J to p. 
Proof. To establish the lower and upper bounds, let T be a tree on p vertices. Then 
(see [5]) (p+4) /3~<Ts(T)~<p,  so that 4 (p+ 1)/3 ~<Ts(T)+ p~<2p,  i .e. ,2(p+ 
1)/3 ~< (~,~(T) + p)/2 <~ p. But 7s(T) = 2 unan(T) - p and unan(T) = (~s(T) + p/2. 
Hence, 2 (p+ 1)/3 ~< unan(T) ~< p. Thus, [2 (p+ 2)J = [2(p + 1)J ~ unan(T)~p.  
Therefore, the bounds are established. We now prove the intermediate value result by 
explicitly giving an elementary family of trees that take on all the values. As s varies 
from 1 to p - 1, the unanimity index of the comet C~,p_~, which equals L~J  + 1 by 
Proposition 2, achieves all the values between the extremes, ranging from LZ(p + 2)j 
through to p. [] 
The following result of [5] characterizes those trees with unanimity index reaching 
the upper bound of Theorem 3. 
Proposition 3. Let  T be at tree o f  order p. Then unan(T) = p i f  and only i f  every 
vertex is" an end vertex or a remote vertex. 
Theorem 2 allows us to obtain a characterization f those trees with unanimity index 
reaching the lower bound of Theorem 3. 
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Theorem 4. Let T be a tree of  order p and unan(T) = [}(p+2) J .  Then thejbllowing 
,qives T and the only unanimous function achievinq its unanimity index. 
1. I f  p =- - 1 (mod 3), then T is a special path. 
2. IJ" p - 0 (mod 3), then T is o f  type (a). 
3. l f  p _= 1 (mod3), then T is one of  the types (b) through to (~,1). 
Proof. Let f be a unanimous function of T achieving its unanimity index of [2 (p+2) j .  
Let n = pos f ,  so n = LZ(p + 2)J. If p =: 3r - 1, then n = h}(3r + 1)j = 2r and 
[3"1 -- 1 = 3r -  1 = p. Thus, by Theorem 2, T is a special path. If p = 3r, then 2 J  
n = [2 (3r+2) J  = 2r+ 1 and [~J  - 1 := 3r = p. Thus, by Theorem 2, T is of 
type (a). Suppose that p = 3r+ 1. Then n = ~(3r+3) J  = 2( r+ 1). Using the 
notation introduced in the first two paragraphs of the proof of Theorem 2, we have 
that ]PI = 2(r + 1) and IMI = r - 1. Since each component Ti of T - M contains at 
least two vertices, k ~< r + 1. If k = 1, then P induces a path on 2(r + 1) vertices. This 
implies that M = 0, so r = 1 and T is the opinion tree of Fig. l(b). In what follows, 
we may assume 2 ~< k ~< r+ 1. Since IMI =: r -  1, IV(G)] >~ 2]M I + 1 = 2r -  1. Thus 
IxI >~ r, so k = r or r + 1. We consider the two possibilities in turn. 
Case 1. k=r+l .  
Then each component Ti of T-M contains exactly two vertices, so (P) ~ ( r+ 1 )K2. 
Since every vertex votes aye, this implies that each vertex of P is adjacent o at most 
one vertex of M. Furthermore, since k =: r + 1, 2r = IV(G)I = IE(G)I + 1, so 
]E(G) I - 2r - 1. Thus there are 2r -  1 edges with one end in M and the other end 
in P. Since each vertex of M is adjacent o at least two vertices of P, it follows that 
exactly one vertex of M is adjacent o three vertices of P and each of the remaining 
r -  2 vertices of M is adjacent o two vertices of P. Since every vertex votes aye, 
there can therefore be no edge joining two vertices of M. Thus T is of type (d). 
Case 2. k = r. 
Then IV(G) I = 2r -  1 and each vertex of M is adjacent o exactly two vertices 
of P and therefore to no other vertex of M. Furthermore, either r - M contains one 
component of order 4 and r - 1 components of order 2, or T - M contains two 
components of order 3 and r - 2 components of order 2. In the former case, either 
(P) ~ P4 U (r - 1)K2 or (P) ~ K1,3 U (r - I)K2, while in the latter case (P} 
2P3 LJ (r - 2)K2. 
If {P) ~ P4 U (r - 1)/£2, then each of the two vertices of degree 2 in (P) is adjacent 
to at most two vertices of M while every other vertex of P is adjacent o at most 
one vertex of M. Thus T can be obtained by attaching the - end vertex of up to (i) 
J-type paths at each vertex of the opinion tree of Fig. l(b). Thus T is of type (b). 
If (P) ~ KI,3 ©(r - 1)K2, then the vertex of degree 3 in (P) is adjacent to at most 
three vertices of M while every other vertex of P is adjacent o at most one vertex of 
M. Thus T can be obtained by attaching the - end vertex of up to (i) J-type paths 
at each vertex of the opinion tree of Fig. l(c). Thus T is of type (c). 
If (P) ~ 2P3 U( r -2 )K2 ,  then each of the two vertices of degree 2 in (P) is adjacent 
to at most two vertices of M while every other vertex of P is adjacent to at most one 
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vertex of M. If the shortest path in T connecting the two components of P of order 3 
joins an end vertex of the one component to an end vertex (central vertex) of the other 
component, hen T is of type (g) (type (e), respectively). If this path joins the two 
central vertices of the two components, then T is of type (f). [] 
4. The majority index of trees 
We begin this section by investigating bounds on the majority index of a tree. It 
follows from a result of Cockayne and Mynhardt [3] that if T is a tree of order p, 
then maj(T) ~< [2eJ +2. Cockayne and Mynhardt [3] showed that the path Pp on p >~ 2 
2k+4 vertices has k-subdomination number 7ks(Pp) = 2 -w- J  - P" From this result, and the 
fact that for every graph G of order p, 7k~ = 2maj(G) - p when k = [PJ + 1, the 
majority index of a path is given as follows. 
2 p Proposition 4. For p >>. 2, maj(Pp) = [~ [~JJ + 2. 
Furthermore, it follows from a result of Cockayne and Mynhardt [3] that for any 
tree of order p ~> 2, maj(T)/> maj(Pp). Hence we have the following result. 
Theorem 5, For any tree o f  order p >~ 2, 
[ffJJ +2 maj( ) LffJ +=. 
Cockayne and Mynhardt [3] conjecture that the upper bound in Theorem 5 can be 
improved to LPJ + 1. That there exist trees of order p having majority index [2eJ + 1 
is evident from the following result. 
Proposition 5. For the star K l ,p- i  of  order p >/2, maj (K l ,p - l )  = [PJ + 1. 
Proof. Let Kl,p_ 1 have a majority function achieving its majority index. Clearly, the 
center and at least half the end vertices must be +. These + vertices will vote aye. So 
maj(Kl,p_l) ~> [2e~] + 1 = [2eJ + 1. However with the center and L2e3 end vertices 
+, and the remaining end vertices - ,  we produce a majority function of positive value 
LpJ + I. [] 
We next investigate the majority index of the comets. The majority index of a comet 
of order p is at most kz£J + 1 as the following result shows. 
Lemma 1. For positive integers s and t, 
L 
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Proof. Assign to the first Lt-lJ vertices on the tail Pt of the comet the value - and to 
the remaining t+l I~- ]  vertices on the tail, including the center of the star, the value +. 
Now for t even, assign to t~J end vertices on the star the value + and to the remaining 
I2] end vertices the value - ,  while for t odd, assign to [-~] end vertices on the star the 
value + and to the remaining L}J end vertices the value - .  Let f denote the resulting 
opinion function. Then for t even, pos f  t+a L,+,] =F~-]+L~J=L~J+L~J+I=- ~- +I, 
while for t odd, pos f  t÷l [ ,+l j  s+l ks+,/ = [~--] + [~1 = 2 + L~-J = ~- J  + 1. an both cases, 
s÷t there are LT J  + 1 positive vertices, each of which vote aye. Hence f is a majority 
function of positive value LS+tj 2 +1.  [~ 
Theorem 6. For positive integers s and t, 
+ l 
,+t  I I t -1 
maj(Cs,,)  = L -2 - - J  - I _~- J  
121s+t l l  2 
LTJ J  + 
for  t <~ 5, 
+2 for  6 <~ t ~ s + 2, 
fo r t>~s+3.  
Proof. I f  t ~< 5, then it follows from Lemma 1 that the given value of LS~t/ 2 j+ l  i san 
upper bound, and it can readily be checked that one cannot give the vertices of C,,r 
fewer positive values and still get a majority function. 
Suppose that 6 ~< t ~< s + 2. We first show that the given value of  l '+t/ ~-~ - L~5-~J + 2 
can be attained. Let v be the center of  the star and let u be its neighbor on the path. 
Take a minimum majority function on the subpath Pt-2 obtained by removing u and 
v from the path Pt. By Proposition 1, this function has positive value unan(Pt_2) = 
L2tj. We now extend this function to a majority function of Cs, t as follows. Assign 
to u and v the values - and +, respectively. Then, except for v, every vertex on 
the path Pt votes aye, and there 
assign as many + 's  on the star as 
( t -  1). Then there are (]2tJ + 1 
vertices. 
are L2tl + 1 positive vertices on the path. Now 
needed to get k~J + 1 ayes, namely L s+tj + 1 - 2 
s+t = _ L~2j + 2 positive ) + (LTJ  - t + 2) L'+'j 2 
We show next that we can do no better. Among all the majority functions of  C~,t 
achieving its majority index, let f be chosen to maximize the number of vertices on 
the path Pt that vote aye. We show first that v must be +. I f  this is not the case, 
then v is - .  Thus every end vertex of the star votes nay. I f  some vertex on the 
path votes nay, then the only possible ayes are the other t - 1 vertices of the path 
and this is at most half the total and not a majority function. Hence every vertex 
on the path Pt, including v, votes aye and there are unan(Pt_l ) positive vertices on 
the path. Since v votes aye,there are at least L2J + 1 positive vertices on the star. 
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Thus 
f ~> unan(Pt_ l )4-  [2J +1 pos 
_- l ,j _,_ 1 , by, roposit on 
, s+t ,  
/> k -5 -  j + 1 
>1 maj(Cs, t) (by Lemma 1), 
contradicting our assumption that pos f = maj(Cs, t). Hence v must be +. We now 
consider two possibilities. 
Case 1: v votes nay. 
Since t - 1 ~ s + 1, at least one end vertex of the star is +.  If some vertex on the 
path Pt different from v votes nay, let w be such a vertex at shortest distance from 
v. I f  w is - ,  then reassign to it the value + while i f  w is +,  then reassign to its 
neighbor at furthest distance from v the value +. In both cases, reassign to one + 
end vertex of  the star the value - to produce a new minimum majority function of 
C~,t for which the number of  vertices on the path Pt that vote aye exceeds that of  f ,  
producing a contradiction. Hence every vertex on the path Pt different from v votes 
aye. Thus there are at least unan(Pt_2)+ 1 = L2tj + 1 positive vertices on the path 
and at least Ls+t/ 2 J + 1 - (t - 1 ) positive end vertices on the star. It follows that there 
are at least [s+t]2 - [c~!j + 2 positive vertices. Hence the given value is the best that 
we can do in this case. 
Case 2: v votes aye. 
Without loss of  generality, we may assume that the neighbor u of  v on the path Pt 
is - ,  for otherwise exchange its value with that of  the - vertex at shortest distance 
from it on the path. Let x denote the number of  4- end vertices on the star, and let 
y denote the number of  ayes on the path. Then x ~> L~J + 1. In fact, our choice of  f 
/s+'J LS+,j implies thatx= L~J+I  and thatx4-y= L 2 4-1 or - i -  4- 2. Thus 
y~< (L -~)4-2) - ( [2 J4 -1 )= [~- -~] - [2 J4 -1  
-~ l t@]÷l  
[ t+ l j _ l  = [~ J -1  ~> 2, since t ~> 6. I f t -y  = 2, then, without loss Hence t -y  ~> t -  2 
of  generality, we may assume that f is chosen so that the two vertices on the path that 
vote nay are at furthest distance from v and are all - .  Thus the end vertex of the tail of  
the comet and its neighbor vote nay and are - while the remaining t -2  vertices on the 
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tail vote aye. Since u is - ,  there are therefore at least unan(Pt_4)+ 1 = L](t- 2)J + 1 
positive vertices on the path and at least s+t L-T-I + 1 - (t - 2) positive end vertices on 
the star. Thus 
so the given value is the best that we can do. If t - y ~> 3, then, without loss of 
generality, we may assume that f is chosen so that the t - y vertices on the path that 
vote nay are at furthest distance from v and are all - .  Let Wl,W2,W3 be the subpath 
consisting of  three such vertices, where wl is the vertex at shortest distance from v that 
votes nay. Thus each of Wl, w2 and w3 is - and the neighbor of  wl different from w2 
is +. We now reassign to each of w2 and w3 the value + (resulting in each of wl, w2 
and w3 voting aye) and we reassign to two + end vertices of the star the value - to 
produce a new minimum majority function of  Cs,¢ for which the number of  vertices on 
the path Pt that vote aye exceeds that of  f ,  producing a contradiction. This completes 
the proof for the case 6 ~< t ~< s + 2. 
If t >~ s + 3, then it follows from Theorem 5 that the given value of  2 s+t L LTJJ +2 is 
a lower bound. It is achieved by taking a minimum unanimous function on the subpath 
on Ls+tJ + 1 (<~ t - -  1) vertices that emanates from the end vertex of  the tail of  the 2 
comet, and then extending this function to a majority function of  Cs, t by assigning to 
each remaining vertex the value - .  By Proposition 1, this function has positive value 
unan(PL~TJ+l)= L ~([-~1 +3)J = [~ [s2----~tJJ +2. 
This completes the proof of  the theorem. [] 
Table 1 displays the value of  Cs, t for small s and t. 
For notational convenience, let m(s,t) denote the majority index of Cs, t, so m(s,t) 
= maj(Cs, t). We next make some observations about what happens to m(s,t) if s, t, or 
s+t  is fixed. Because of  the simplicity of the formula for small values of  t, we assume 
that t >~ 6. In particular, we show that attaching an additional end vertex to the star of 
the comet can make the majority index increase by 2 (which occurs if t - 0(mud3) 
and t = s + 3). Furthermore, attaching an end vertex to the tail of  the comet can make 
the majority index decrease by 1. 
Theorem 7. For integers s >~ 1 and t >~ 6, 
(1) m(s,t) <. m(s + 1,t) ~< m(s , t )+ 2. 
(2) m(s,t) - 1 <~ m(s,t + 1) ~< m(s,t) + 1. 
(3) m(s,t) <~ m(s + 1,t - 1) ~< m(s,t) + 1. 
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Table 1 
t 
1 2 3 4 5 6 7 8 9 10 11 12 
s 1 2 2 3 3 4 4 4 4 5 5 6 6 
2 2 3 3 4 4 4 4 5 5 6 6 6 
3 3 3 4 4 5 4 5 5 6 6 6 6 
4 3 4 4 5 5 6 5 6 6 6 6 7 
5 4 4 5 5 6 6 6 6 6 6 7 7 
6 4 5 5 6 6 7 6 7 6 7 7 8 
7 5 5 6 6 7 7 7 7 8 7 8 8 
8 5 6 6 7 7 8 7 8 8 8 8 8 
9 6 6 7 7 8 8 8 8 9 8 9 8 
10 6 7 7 8 8 9 8 9 9 9 9 10 
11 7 7 8 8 9 9 9 9 10 9 10 10 
12 7 8 8 9 9 10 9 10 10 10 10 11 
Proof .  We first prove (1). I f  t />  s + 4, then 
m(s+ l ' t ) -m(s ' t )=  12 [s+t+ 
which is 0 or 1. I f  t ~< s+2,  then 
m(s + l,t) - m(s,t) = ks+2 + 
and again this is 0 or 1. I f  t = s + 3, then 
1J- Ix+' 1 , 
which may be 1 or 2. This proves (1). Next  we prove (2). I f t  ~> s+3,  then m(s,t+ 1) 
- re(s, t) is 0 or 1 as in the previous case when t t> s + 4. I f  t ~< s + 1, then 
m(s't+l)-'n(s't)=[S+t+lJ ls t I [3J 
2 - - -  + - ' 
which can be 0 or 1. I f  t = s +2,  then 
[s+,+lJJ  _ + 
which is 0 or -1 .  This proves (2). 
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Next we prove 3. I f t~>s+5,  thenm(s+l , t - l ) -m(s , t )=0.  I f t~<s+2,  then 
m(s+l,t-1)-rn(s,t)= ls---~) - lt~32] - [s~] + Its31 j, 
which is 0 or 1. If t = s + 3, then 
m(s+ 1, t - -1 ) - -m(s , t )=  [s--2t j -- [t~32 [2 [~ . t J J  
=(s+l ) -  [ s+ l l  [ 2 3  J - - ~(s+ l )  
which is 0 or 1. If t = s+4, then re(s+ l,t-1)-re(s, t) = 0 or 1. This proves (3). [2; 
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